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Relativistic EPR-type experiments for photons in the background of
reducible representation HOLA algebras
Klaudia Wrzask
Katedra Fizyki Teoretycznej i Informatyki Kwantowej
Politechnika Gdan´ska, 80-233 Gdan´sk, Poland
Relativistic EPR-type experiments for photons in the background of reducible representation
algebras are discussed. A model for the four Bell states, such that maintains maximally correlated
in two bases: linear and circular in all reference frames is developed. Relativistic correlation functions
are derived for two cases: when the detectors are transformed under Lorentz transformation in such
a way that they still remain in the same reference frame and when just one of the detectors is
transformed.
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I. INTRODUCTION
Relativistic EPR-type experiments have been discussed at least from 1997 mainly in theoretical
background [32]-[78]. This is a good example of a problem where quantum mechanics and theory of
relativity are treated under one roof and an occasion to take a closer look at a relativistic model for
photon fields in reducible representation of harmonic oscillator Lie algebras (HOLA) proposed by Czachor
[2]-[15]. Some of the difficulties for Lorentz transformation law of Bell states such as the dependence
of Wigner rotations on momentum are investigated here in the background of reducible representation.
On the other hand, employing relativistic EPR-type experiments in the reducible representation may
show the role that the oscillator number N and the vacuum probability density Z(k), known from this
representation, play in such model.
In IIA a basic concept of reducible representations is introduced. Further in II B and II C ladder
and number operators are introduced for N = 1 oscillator space of the theory. How does the extension to
N -oscillator space look like is discussed in IID. Finally how to represent vacuum is shown in II E.
Next we develop a model for the four Bell states in the N -oscillator reducible representation. First in
section IVA a two-photon field operator will be shown. Further in IVB a model for the Bell state field
operators is developed. The main assumption made here, following Zeilinger’s paper [24], is that Bell
states are states maximally correlated or maximally anti-correlated in both bases: linear and circular.
Czachor [68] investigated relativistic analogies of EPR states for photons and asked if it is possi-
ble to find scalar fields that involve maximal entanglement in two bases in all reference frames. Here we
find some answers to this question. In section VA we will discuss the effect that the choice of a not unique
vacuum has on Lorentz transformations. Further in VB transformation properties of a two-photon state
are discussed. In sections VC and VD the transformation properties of the Bell states are discussed.
Further detection in EPR-type experiments in the background of N -oscillator reducible representa-
tion is discussed. In VIA a yes-no observable for describing measurement on detectors is introduced. In
VIB a correlation function for a two-photon state is calculated. In VIC and VID Bell state correlation
functions are calculated for maximally correlated and anti-correlated in circular basis states respectively.
Finally the transformation rule for the detectors modeled by a yes-no observable is shown and a
relativistic correlation function is derived for a two-photon state in the case where two detectors are
transformed under Lorentz transformation in such a way that they still maintain in the same reference
frame. Further in VIIB and VIIC the same calculations are done for maximally anti-correlated and
correlated states in circular basis respectively. In section VIID a relativistic correlation function is
derived for a two-photon state in the case where just one of the detectors is transformed under Lorentz
transformation. Finally in sections VII E and VII F the same calculations are done for maximally
anti-correlated and correlated states in circular basis respectively.
This paper closes with mathematical appendices introducing the ladder operators corresponding to
circular and linear polarizations and Lorentz transformation rules corresponding to spin-frames and
2associated null tetrad.
II. REDUCIBLE REPRESENTATION
For further analysis let us take a convention c = ~ = 1. When building a relativistic model for photons
one has to consider photon’s momentum and polarization. In this mathematical model these two quantities
will be described in a tensor product structure, i.e.
photon momentum space ⊗ photon polarization space. (1)
It also should be stressed that in relativistic context spin and momentum are not independent degrees
of freedom. Some preliminary aspects of the reducible representation will be discussed here. Such a
model has strong arguments in it’s favor, mostly because it deals with most of the infrared and ultraviolet
divergences.
A. Motivation
In 1925 Heisenberg, Born and Jordan observed that energies of classical free fields look in Fourier
space like those of oscillator ensembles. It should be stressed that at that time Heisenberg, Born
and Jordan did not know the notation of Fock space and may not fully understood the role of
eigenvalues of operators. Having to consider oscillators with different frequencies they considered one
oscillator for each frequency mode. The ensemble had to be infinite since the number of modes was infinite.
It is a well known problem that standard canonical procedures for field quantization result in vari-
ous infinity problems. It was shown in [2] by Czachor that the assumption of having one oscillator for
each frequency mode may not be natural. This thought continued in a series of papers on reducible
representation of CCR [3] - [14]. The main idea for reducible representations is that each of the oscillators
is a wave packet, a superposition of infinitely many different momentum states.
To describe this concept in more detail, let us first introduce a spectral decomposition of a frequency
operator
Ω =
∫
dΓ(k) ω(k) |k〉〈k|, (2)
so that (2) fulfills the eigenvalue problem
Ω |k〉 =
∫
dΓ(k′) ω(k′) |k′〉〈k′|k〉 = ω(k) |k〉. (3)
Here dΓ(k) in the Lorentz invariant measure
dΓ(k) =
d3k
(2pi)32|k| . (4)
Furthermore, kets of momentum are normalized to
〈k|k′〉 = (2pi)32|k|δ(3)(k,k′) = δΓ(k,k′), (5)
and the resolution of unity is∫
R3
d3k
(2pi)32|k| |k〉〈k| =
∫
R3
dΓ(k) |k〉〈k| = I. (6)
The energy for photons, assuming the convention ~ = 1, is E(k) = ω(k) = |k|. So the simplest Hamiltonian
for one kind of polarization can be written in the form
H = Ω⊗
(
a†a+
1
2
)
=
∫
dΓ(k) ω(k) |k〉〈k| ⊗
(
a†a+
1
2
)
, (7)
3so that
H |k, n〉 = ω(k)
(
n+
1
2
)
|k, n〉. (8)
Here ket |n〉 is the eigenvector of a “standard theory” number operator a†a, where [a, a†] = 1. Now let us
introduce an operator that lives in both momentum and polarization spaces
a(k, 1) = |k〉〈k| ⊗ a. (9)
Using the resolution of unity, we can also define an operator within the whole spectrum of frequencies
a(1) =
∫
dΓ(k) a(k, 1) =
∫
dΓ(k) |k〉〈k| ⊗ a = I ⊗ a, (10)
such that the commutator [a(1), a†(1)] = I ⊗ 1.
B. Creation and annihilation operators
Let us start from the N = 1 oscillator space with two polarization degrees of freedom. Then the Hilbert
space H(1) of one oscillator is spanned by
|k, n1, n2〉 = |k〉 ⊗ |n1〉 ⊗ |n2〉. (11)
Here kets |nα〉 are eigenvectors of a†αaα. At this point let us consider a two dimensional polarization
oscillator and do not determine what kind of polarizations these dimensions determine, only that aα, aα′
satisfy canonical commutation relations (CCR) typical for irreducible representation, i.e. [aα, a
†
α′ ] =
δα,α′ , α, α
′ = 1, 2. Now the reducible representation of the ladder operators is
aα(k, 1) = |k〉〈k| ⊗ aα, (12)
aα(k, 1)
† = |k〉〈k| ⊗ a†α. (13)
Sub-index α stands for one of the two possible polarization dimensions of an oscillator, where
a1 = a1 ⊗ 1, a2 = 1⊗ a2. (14)
Then the commutation relations for the reducible representation of the ladder operators are
[aα(k, 1), aα′(k
′, 1)†] = δα,α′δΓ(k,k′)|k〉〈k| ⊗ 12, (15)
where 12 denotes that it is a tensor product of two 1. This representation is reducible since the right-hand
side of the commutator is an operator valued distribution with
I(k, 1) = |k〉〈k| ⊗ 1⊗ 1 = |k〉〈k| ⊗ 12 (16)
belonging to the center of algebra, i.e. it commutes with the ladder operators
[aα(k, 1), I(k
′, 1)] = [aα(k, 1)†, I(k′, 1)] = 0. (17)
Furthermore, the operator I(k, 1) forms the resolution of unity for H(1) Hilbert space:∫
dΓ(k) I(k, 1) = I(1). (18)
C. HOLA algebra in N = 1 oscillator space representation
The number operator for the reducible representation in H(1) Hilbert space will be defined as:
nα(k, 1) = |k〉〈k| ⊗ a†αaα. (19)
4Let us note that this definition is not equivalent to
n′α(k, 1) = aα(k, 1)
†aα(k, 1) = δΓ(k,k)nα(k, 1). (20)
We can also define a number operator within the whole spectrum of frequencies as follows
nα(1) = aα(1)
†aα(1) = I ⊗ a†αaα =
∫
dΓ(k)|k〉〈k| ⊗ a†αaα =
∫
dΓ(k)n(k, 1). (21)
So the eigenvalue definition of the number operator, i.e. “how many photons are there with α polarization
within the whole frequency spectrum”, would be
nα(1)|k, n1, n2〉 =
∫
dΓ(k′)nα(k′, 1)|k, n1, n2〉 = nα|k, n1, n2〉. (22)
Now the following HOLA for the reducible representation holds:
[aα(k, 1), aα′(k
′, 1)†] = δα,α′δΓ(k,k′)I(k, 1), (23)
[aα(k, 1), nα′(k
′, 1)] = δα,α′δΓ(k,k′)aα(k, 1), (24)
[aα(k, 1)
†, nα′(k′, 1)] = −δα,α′δΓ(k,k′)aα(k, 1)†. (25)
Furthermore, for the representation within the whole frequency spectrum we have:
[aα(1), aα′(1)
†] = δα,α′I(1), (26)
[aα(1), nα′(1)] = δα,α′aα(1), (27)
[aα(1)
†, nα′(1)] = −δα,α′aα(1)†. (28)
As one can see, the Lie algebra for the whole frequency spectrum holds the “standard theory” structure.
D. HOLA in N-oscillator space representation
Now let us discuss an extension of the theory to N oscillators. The parameter N characterizes the
reducible representation. This parameter is not related to the number of photons. The Hilbert space in
this representation for any N oscillators reads:
H(N) = H(1)⊗ . . .⊗H(1)︸ ︷︷ ︸
N
= H⊗N , (29)
and is spanned by kets of the form
|k1, n1, n2〉(1) ⊗ |k2, n1, n2〉(2) ⊗ . . .⊗ |kN , n1, n2〉(N). (30)
Let us also define an operator
A(n) = I ⊗ ...⊗ I︸ ︷︷ ︸
n−1
⊗A⊗ I ⊗ ...⊗ I︸ ︷︷ ︸
N−n
. (31)
The top index (n) shows the “position” of the A operator in H(N) space. A natural extension for the
ladder operators to the N -oscillator space would be
aα(k, N) =
1√
N
N∑
n=1
aα(k, 1)
(n) =
1√
N
(aα(k, 1)⊗ ...⊗ I(1) + ...+ I(1)⊗ ...⊗ aα(k, 1)) . (32)
The factor 1√
N
is the normalization factor for the N -oscillator representation. Let us also define the ladder
operators within the whole spectrum of frequencies, i.e.
aα(N) =
1√
N
N∑
n=1
∫
dΓ(k) aα(k, 1)
(n) =
1√
N
(aα(1)⊗ ...⊗ I(1) + ...+ I(1)⊗ ...⊗ aα(1)) . (33)
5Using the (19) definition of the number operator for N = 1 representation we write the number operator
for the N -oscillator representation:
nα(k, N) =
N∑
n=1
(|k〉〈k| ⊗ a†αaα)(n) = N∑
n=1
nα(k, 1)
(n)
= (nα(k, 1)⊗ ...⊗ I(1) + ...+ I(1)⊗ ...⊗ nα(k, 1)) . (34)
We also define a number operator within the whole spectrum of frequencies for the N -representation
nα(N) =
∫
dΓ(k)n(k, N). (35)
Now let us take a closer look at the Lie algebras for the reducible representation
[aα(k, N), aα′(k
′, N)†] = δα,α′δΓ(k,k′)I(k, N), (36)
[aα(k, N), nα′(k
′, N)] = δα,α′δΓ(k,k′)aα(k, N), (37)
[aα(k, N)
†, nα′(k′, N)] = −δα,α′δΓ(k,k′)aα(k, N)†. (38)
Here at the right-hand side of (36) we have an operator:
I(k, N) =
1
N
N∑
n=1
I(k, 1)(n) =
1
N
(I(k, 1)⊗ ...⊗ I(1) + ...+ I(1)⊗ ...⊗ I(k, 1)) , (39)
which for all N is also in the center of algebra since
[aα(k, N), I(k
′, N)] = [aα(k, N)†, I(k′, N)] = 0. (40)
Furthermore, the I(k, N) operator forms the resolution of unity for H(N) Hilbert space:∫
dΓ(k) I(k, N) = I(N) = I(1)⊗ ...⊗ I(1)︸ ︷︷ ︸
N
. (41)
Again for the N -oscillator whole frequency spectrum representation the Lie algebras
[aα(N), aα′(N)
†] = δα,α′I(N). (42)
[aα(N), nα′(N)] = δα,α′aα(N), (43)
[aα(N)
†, nα′(N)] = −δα,α′aα(N)†, (44)
hold the “standard theory” structure.
E. Vacuum
The vacuum for N = 1 oscillator space in reducible representation is any vector of the form
|O(1)〉 =
∫
dΓ(k)O(k)|k, 0, 0〉. (45)
This definition implies that vacuum is any vector annihilated by annihilation operators, i.e.
aα(1)|O(1)〉 = 0. (46)
From the normalization condition
〈O(1)|O(1)〉 = 1 (47)
we get ∫
dΓ(k)|O(k)|2 =
∫
dΓ(k)Z(k) = 1. (48)
6Here the scalar field Z(k) = |O(k)|2 represents vacuum probability density. Furthermore, square integra-
bility of (48) implies that Z(k) must decay at infinity and is required to go to zero at k = 0 in order
to avoid infrared divergences [8]. It should be stressed that this point is of special importance for such
reducible representation quantization. It turns out that regularization can be a consequence of employing
such special form of scalar field in the definition of vacuum. An extension to N -oscillator space is assumed
to be a tensor product of N = 1 vacuum states, i.e.
|O(N)〉 = |O(1)〉⊗N = |O(1)〉 ⊗ ...⊗ |O(1)〉︸ ︷︷ ︸
N
. (49)
In analogy to (46) the N -oscillator vacuum can be defined as any vector annihilated by N -oscillator
representation annihilation operators
aα(N)|O(N)〉 = 0. (50)
Of course, the normalization condition for the N representation still holds, i.e.
〈O(N)|O(N)〉 = 〈O(1)|O(1)〉N = 1. (51)
III. LORENTZ TRANSFORMATION
A. Lorentz transformations for the irreducible representation
We start from the irreducible representation and introduce a Lorentz transformation shown by Czachor
and Naudts [8] and further discussed by Czachor and Wrzask [9]. The action of such transformation on
the annihilation operators is
U(Λ,k)†a1U(Λ,k) = cos 2Θ(Λ,k)a1 − sin 2Θ(Λ,k)a2, (52)
U(Λ,k)†a2U(Λ,k) = sin 2Θ(Λ,k)a1 + cos 2Θ(Λ,k)a2. (53)
Here the unitary operator U(Λ,k) can be written in the form
U(Λ,k) = exp (−2iΘ(Λ,k)J3), (54)
where Θ(Λ,k) is the Wigner phase, and
J3 = i(a
†
2a1 − a†1a2) (55)
is the generator of rotations. a1 and a2 are annihilation operators which correspond to linear polarizations
in x and y direction. More on the reducible representation ladder operators corresponding to linear and
circular polarizations can be found in appendix.
B. Lorentz transformation for the reducible representation
To construct a Lorentz transformation for the reducible N = 1 oscillator representation the transforma-
tion must be written as
U(Λ, 1) =
∫
dΓ(k)|k〉〈Λ−1k| ⊗ U(Λ,k), (56)
and for the hermitian conjugate we can write
U(Λ, 1)† =
∫
dΓ(k)|Λ−1k〉〈k| ⊗ U(Λ,k)†. (57)
Furthermore, the N -oscillator extension is assumed to be a tensor product of N = 1 oscillator transfor-
mations
U(Λ, N) = U(Λ, 1)⊗N . (58)
7Then, for circular polarizations under Lorentz transformation we get the following transformation rules
for creation and annihilation operators in N -oscillator reducible representation.
U(Λ, N)†as(k, N)U(Λ, N) = e−2isΘ(Λ,k)as(Λ−1k, N), (59)
U(Λ, N)†as(k, N)†U(Λ, N) = e2isΘ(Λ,k)as(Λ−1k, N)†, (60)
U(Λ, N)as(k, N)U(Λ, N)
† = e2isΘ(Λ,Λk)as(Λk, N), (61)
U(Λ, N)as(k, N)
†U(Λ, N)† = e−2isΘ(Λ,Λk)as(Λk, N)†. (62)
C. Transformation properties of vacuum
Let us remind ourselves that the definition of vacuum in this representation is not unique, i.e.
|O(1)〉 =
∫
dΓ(k)O(k)|k, 0, 0〉.
Then the Lorentz transformation acts on vacuum as follows
U(Λ, 1)|O(1)〉 = U(Λ, 1)
∫
dΓ(k)O(k)|k, 0, 0〉 =
∫
dΓ(k)O(Λ−1k)|k, 0, 0〉. (63)
A transformed vacuum state is again a vacuum state, but the probability of finding k is modified by the
Doppler effect. The extension to N > 1 is obvious. As a by product we observe that the vacuum field
transforms as a scalar field
O(k) 7→ O(Λ−1k). (64)
This also implies the following transformation rule of the vacuum probability density
Z(k) 7→ Z(Λ−1k). (65)
Of course, the norm of such a transformed vacuum is invariant due to the Lorentz invariant measure (4),
and therefore
〈O, 1|U(Λ, 1)†U(Λ, 1)|O(1)〉 =
∫
dΓ(k)|O(Λ−1k)|2 =
∫
dΓ(Λk)|O(k)|2 = 1. (66)
IV. TWO-PHOTON FIELD
A. Two-photon field operator
Let us first note that the correlation of the two-photon states in the N -oscillator reducible representation
doesn’t come straight forward form the tensor product. To see this, let us first rewrite the ladder operators
in the N -oscillator representation, i.e.
as(k, N)
†as′(k′, N)† =
1√
N
N∑
n
as(k, 1)
†(n) 1√
N
N∑
m
as′(k
′, 1)†(m)
=
1
N
N∑
n=m
as(k, 1)
†(n)as′(k′, 1)†(m) +
1
N
N∑
n6=m
as(k, 1)
†(n)as′(k′, 1)†(m)
=
1
N
(
as(k, 1)
†as′(k′, 1)† ⊗ ...⊗ I(1) + ...+ I(1)⊗ ...⊗ as(k, 1)†as′(k′, 1)†
)︸ ︷︷ ︸
N
+
1
N
(
as(k, 1)
† ⊗ as′(k′, 1)† ⊗ ...⊗ I(1) + ...+ I(1)⊗ ...⊗ as(k, 1)† ⊗ as′(k′, 1)†
)︸ ︷︷ ︸
N2−N
.
(67)
8As one can see, in (67) we have N terms where the creation operators live on the same oscillator
and N2 − N terms where they live on separate oscillators. Being in the subject of tensor algebra
representations, it is worth mentioning that the choice the algebra representation may become important.
For example, it was shown by Paw lowski and Czachor [11] that the “entanglement with vacuum” turns
out to be algebra representation dependent.
Now let us consider a whole frequency spectrum two-photon field operator in circular basis for the
N -oscillator reducible representation
Ψ(N) =
∑
s,s′=±
∫
dΓ(k)dΓ(k′) ψss′(k,k′)as(k, N)†as′(k′, N)†. (68)
To study more the symmetry properties of such two-photon operators we write:
Ψ(N) =
∑
s,s′=±
∫
dΓ(k)dΓ(k′)
ψss′(k,k
′) + ψs′s(k′,k)
2
as(k, N)
†as′(k′, N)†. (69)
Let us also note that, from the integral’s (69) symmetry property, it follows
ψss′ (k,k
′) = ψs′s(k′,k). (70)
From the relation between the circular and linear polarizations derived in the appendix (A.9), we can get
to the linear polarization basis:
Ψ(N) =
∑
s,s′
∫
dΓ(k)dΓ(k′) ei(sθ(k)+s
′θ(k′))ψss′ (k,k
′)
2
(
aθ(k, N)
†aθ(k′, N)† − ss′aθ′(k, N)†aθ′(k′, N)†
)
+
∑
s,s′
∫
dΓ(k)dΓ(k′) ei(sθ(k)+s
′θ(k′))ψss′ (k,k
′)
2
(
is′aθ(k, N)†aθ′(k′, N)† + isaθ′(k, N)†aθ(k′, N)†
)
(71)
=
∑
s,s′
∫
dΓ(k)dΓ(k′) ei(sθ(k)+s
′θ(k′))ψss′ (k,k
′)
2
(
aθ(k, N)
†aθ(k′, N)† − ss′aθ′(k, N)†aθ′(k′, N)†
)
+ i
∑
s,s′
∫
dΓ(k)dΓ(k′) s′ei(sθ(k)+s
′θ(k′))ψss′(k,k
′)aθ(k, N)†aθ′(k′, N)†. (72)
Then the scalar product of such two-photon state reads
〈O(N)|Ψ(N)†Ψ(N)|O(N)〉
=
2
N
∑
s,s′=±
∫
dΓ(k)|ψss′ (k,k)|2Z(k) + 2(N − 1)
N
∑
s,s′=±
∫
dΓ(k)dΓ(k′)|ψss′ (k,k′)|2Z(k)Z(k′). (73)
Also in the N →∞ limit we get
lim
N→∞
〈O(N)|Ψ(N)†Ψ(N)|O(N)〉 = 2
∑
s,s′=±
∫
dΓ(k)dΓ(k′)|ψss′(k,k′)|2Z(k)Z(k′). (74)
As one can see, the first term of the scalar product (73) does not occur in N →∞ limit.
B. Bell state field operators
Now let us study some cases of maximal photon correlations in a quantum field theory background for
the reducible N -oscillator representation. First we will consider photons in circular basis that are anti-
correlated: one is left- and the other right-handed. Anti-correlated in circular basis field operators will be
9denoted by Ψ1(N), so that
Ψ1(N) =
∑
s6=s′
∫
dΓ(k)dΓ(k′) ψss′(k,k′)as(k, N)†as′(k′, N)†
=
∫
dΓ(k)dΓ(k′)
(
ψ+−(k,k′)a+(k, N)†a−(k′, N)† + ψ−+(k,k′)a−(k, N)†a+(k′, N)†
)
(75)
=
∑
s6=s′
∫
dΓ(k)dΓ(k′) ei(sθ(k)+s
′θ(k′))ψss′(k,k
′)
2
(
aθ(k, N)
†aθ(k′, N)† + aθ′(k, N)†aθ′(k′, N)†
)
+ i
∑
s6=s′
∫
dΓ(k)dΓ(k′) s′ei(sθ(k)+s
′θ(k′))ψss′(k,k
′)aθ(k, N)†aθ′(k′, N)†. (76)
We can say about Ψ1(N): both photons have different polarizations in circular basis. For the maximal
anti-correlation the condition on the field must hold |ψ+−(k,k′)|2 = |ψ−+(k,k′)|2. To fully describe four
Bell states we need a second basis. This is why we write the Ψ1(N) field operator in two bases: circular
(75) and linear (76). Let us stress that for the linear basis the polarization angle θ(k) is assumed to be
dependent on momentum. There are two situations when such states are still maximally correlated in the
second, here linear basis. The first case is when photons in linear basis are maximally anti-correlated. Let
us denote θ11(k) as the polarization function for such states. Then, from (76), the following condition on
the field and polarization angle must hold:
ei(θ11(k)−θ11(k
′))ψ+−(k,k′) = −ei(θ11(k
′)−θ11(k))ψ−+(k,k′), (77)
and such field operator, denoted here by Ψ11(N), may be written in forms
Ψ11(N) =
∫
dΓ(k)dΓ(k′)
(
ψ+−(k,k′)a+(k, N)†a−(k′, N)† + ψ−+(k,k′)a−(k, N)†a+(k′, N)†
)
= −i
∑
s=±
∫
dΓ(k)dΓ(k′) sei(sθ11(k)−sθ11(k
′))ψs−s(k,k′)aθ(k, N)†aθ′(k′, N)†
= −2i
∫
dΓ(k)dΓ(k′) ei(θ11(k)−θ11(k
′))ψ+−(k,k′)aθ(k, N)†aθ′(k′, N)†
= 2i
∫
dΓ(k)dΓ(k′) e−i(θ11(k)−θ11(k
′))ψ−+(k,k′)aθ(k, N)†aθ′(k′, N)†. (78)
From (77) we see that if we want to have a two-photon state maximally correlated in both bases, an
implicit relation must take place that relates the fields ψ+−(k,k′) with the polarization angles. Now we
can say about Ψ11(N): both photons have different polarizations in circular and linear basis. In such a
case operator (78) will represent one of the four Bell states. Then the inner product reads
〈O(N)|Ψ11(N)†Ψ11(N)|O(N)〉
=
4
N
∫
dΓ(k)|ψ+−(k,k)|2Z(k) + 4(N − 1)
N
∫
dΓ(k)dΓ(k′)|ψ+−(k,k′)|2Z(k)Z(k′). (79)
The second case is when photons are maximally correlated in linear basis. Then from (76) a condition on
the fields and the polarization angles must hold:
ei(θ12(k)−θ12(k
′))ψ+−(k,k′) = e−i(θ12(k)−θ12(k
′))ψ−+(k,k′). (80)
Here we denote θ12(k) as the polarization function for such a field operator and Ψ12(N) as the field operator
corresponding to the Bell state that is anti-correlated in circular basis and correlated in the linear one, i.e.
Ψ12(N) =
∫
dΓ(k)dΓ(k′)
(
ψ+−(k,k′)a+(k, N)†a−(k′, N)† + ψ−+(k,k′)a−(k, N)†a+(k′, N)†
)
=
∫
dΓ(k)dΓ(k′) ei(θ12(k)−θ12(k
′))ψ+−(k,k′)
(
aθ(k, N)
†aθ(k′, N)† + aθ′(k, N)†aθ′(k′, N)†
)
=
∫
dΓ(k)dΓ(k′) e−i(θ12(k)−θ12(k
′))ψ−+(k,k′)
(
aθ(k, N)
†aθ(k′, N)† + aθ′(k, N)†aθ′(k′, N)†
)
.
(81)
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Also from conditions (77) and (80) we get the following relation for the polarization angles
θ11(k)− θ11(k′) = θ12(k)− θ12(k′) + pi
2
+ npi, n ∈ Z. (82)
This formula seems to be more intuitive than conditions (77) and (80). It simply shows that the difference
of the polarization angles for anti-correlated linear polarizations states is equal to the difference of the
polarization angles for correlated states plus a pi/2 factor. Now we can say about Ψ12(N): both photons
have different polarizations in circular basis and the same polarizations in the linear one. The inner
product for (81) state reads
〈O(N)|Ψ12(N)†Ψ12(N)|O(N)〉
=
4
N
∫
dΓ(k)|ψ+−(k,k)|2Z(k) + 4(N − 1)
N
∫
dΓ(k)dΓ(k′)|ψ+−(k,k′)|2Z(k)Z(k′). (83)
Now let us consider photons in circular basis that are maximally correlated, i.e. |ψ++(k,k′)|2 =
|ψ−−(k,k′)|2; they’re both either left or right-handed. We will denote such field operators as Ψ2(N)
and write them in both bases
Ψ2(N) =
∑
s=s′
∫
dΓ(k)dΓ(k′) ψss′(k,k′)as(k, N)†as′(k′, N)†
=
∫
dΓ(k)dΓ(k′)
(
ψ++(k,k
′)a+(k, N)†a+(k′, N)† + ψ−−(k,k′)a−(k, N)†a−(k′, N)†
)
(84)
=
∑
s=s′
∫
dΓ(k)dΓ(k′) ei(sθ(k)+s
′θ(k′))ψss′(k,k
′)
2
(
aθ(k, N)
†aθ(k′, N)† − aθ′(k, N)†aθ′(k′, N)†
)
+ i
∑
s=s′
∫
dΓ(k)dΓ(k′) s′ei(sθ(k)+s
′θ(k′))ψss′(k,k
′)aθ(k, N)†aθ′(k′, N)†. (85)
Again there are two situations when such a field operator is still maximally correlated in another, here linear
basis. When such photons in linear basis are maximally anti-correlated, a condition on fields ψ−−(k,k′)
and ψ++(k,k
′) and the polarization angle denoted here by θ21(k) must hold
ei(θ21(k)+θ21(k
′))ψ++(k,k
′) = −e−i(θ21(k)+θ21(k′))ψ−−(k,k′). (86)
Then the field operator Ψ21(N) can be written in the following forms
Ψ21(N) =
∫
dΓ(k)dΓ(k′)
(
ψ++(k,k
′)a+(k, N)†a+(k′, N)† + ψ−−(k,k′)a−(k, N)†a−(k′, N)†
)
= i
∑
s=±
∫
dΓ(k)dΓ(k′) sei(sθ21(k)+sθ21(k
′))ψss(k,k
′)aθ(k, N)†aθ′(k′, N)†
= 2i
∫
dΓ(k)dΓ(k′) ei(θ21(k)+θ21(k
′))ψ++(k,k
′)aθ(k, N)†aθ′(k′, N)†
= −2i
∫
dΓ(k)dΓ(k′) e−i(θ21(k)+θ21(k
′))ψ−−(k,k′)aθ(k, N)†aθ′(k′, N)†. (87)
We can say about Ψ21(N): both photons have the same polarizations in circular and different polarizations
in linear basis. Then the inner product reads
〈O(N)|Ψ21(N)†Ψ21(N)|O(N)〉
=
4
N
∫
dΓ(k)|ψ++(k,k)|2Z(k) + 4(N − 1)
N
∫
dΓ(k)dΓ(k′)|ψ++(k,k′)|2Z(k)Z(k′). (88)
Finally when photons in linear basis are maximally correlated, a condition on the fields and polarization
angles, denoted here by θ22(k), must hold
ei(θ22(k)+θ22(k
′))ψ++(k,k
′) = e−i(θ22(k)+θ22(k
′))ψ−−(k,k′), (89)
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and the field operator denoted here by Ψ22(N) is
Ψ22(N) =
∫
dΓ(k)dΓ(k′)
(
ψ++(k,k
′)a+(k, N)†a+(k′, N)† + ψ−−(k,k′)a−(k, N)†a−(k′, N)†
)
=
∑
s=±
∫
dΓ(k)dΓ(k′) ei(sθ22(k)+sθ22(k
′))ψss(k,k
′)
2
(
aθ(k, N)
†aθ(k′, N)† − aθ′(k, N)†aθ′(k′, N)†
)
=
∫
dΓ(k)dΓ(k′) ei(θ22(k)+θ22(k
′))ψ++(k,k
′)
(
aθ(k, N)
†aθ(k′, N)† − aθ′(k, N)†aθ′(k′, N)†
)
=
∫
dΓ(k)dΓ(k′) e−i(θ22(k)+θ22(k
′))ψ−−(k,k′)
(
aθ(k, N)
†aθ(k′, N)† − aθ′(k, N)†aθ′(k′, N)†
)
.
(90)
Also from conditions (86) and (89) we get the following relation for the polarization angles
θ21(k) + θ21(k
′) = θ22(k) + θ22(k′) +
pi
2
+ npi, n ∈ Z. (91)
We can say about Ψ22(N): both photons have the same polarizations in circular and linear basis. Then
the inner product reads
〈O(N)|Ψ22(N)†Ψ22(N)|O(N)〉
=
4
N
∫
dΓ(k)|ψ++(k,k)|2Z(k) + 4(N − 1)
N
∫
dΓ(k)dΓ(k′)|ψ++(k,k′)|2Z(k)Z(k′). (92)
We will refer to operators (78), (81), (87), (90) as the four Bell state corresponding field operators.
V. TRANSFORMATION PROPERTIES OF TWO-PHOTON FIELDS
A. Scalar field
First let us consider an invariant two-photon field operator Ψ(N), i.e.
U(Λ, N)Ψ(N)U(Λ, N)† = Ψ(N). (93)
In reducible representation, where vacuum is not unique, performing a Lorentz transformation on states
corresponding to invariant field operators doesn’t result in the same state since the vacuum also transforms
as a scalar field (63), so that
U(Λ, N)|Ψ(N)〉 = U(Λ, N)Ψ(N)U(Λ, N)†U(Λ, N)|O(N)〉 = Ψ(N)|OΛ(N)〉. (94)
Of course, we make the assumption that the scalar product is conserved under Lorentz transformation, so
that
〈OΛ(N)|Ψ(N)†Ψ(N)|OΛ(N)〉
= 2
∑
s,s′=±
∫
dΓ(k)dΓ(k′)|ψss′(k,k′)|2〈OΛ(N)|I(k, N)I(k′, N)|OΛ(N)〉
=
2
N
∑
s,s′=±
∫
dΓ(k)|ψss′ (k,k)|2Z(Λ−1k) + 2(N − 1)
N
∑
s,s′=±
∫
dΓ(k)dΓ(k′)|ψss′ (k,k′)|2Z(Λ−1k)Z(Λ−1k′)
=
2
N
∑
s,s′=±
∫
dΓ(k)|ψss′ (Λk,Λk)|2Z(k) + 2(N − 1)
N
∑
s,s′=±
∫
dΓ(k)dΓ(k′)|ψss′(Λk,Λk′)|2Z(k)Z(k′),
(95)
and this implies the following condition on the field
|ψss′ (Λk,Λk′)|2 = |ψss′(k,k′)|2. (96)
12
B. Transformation properties of a two-photon field operator
First let us state that under Lorentz transformation we have the following transformation rules for
creation operators in circular basis:
U(Λ, N)†as(k, N)†as′(k′, N)†U(Λ, N) = e2isΘ(Λ,k)e2is
′Θ(Λ,k′)as(Λ
−1
k, N)†as′(Λ−1k′, N)†, (97)
U(Λ, N)as(k, N)
†as′(k′, N)†U(Λ, N)† = e−2isΘ(Λ,Λk)e−2is
′Θ(Λ,Λk′)as(Λk, N)
†as′(Λk′, N)†. (98)
Now we will consider a two-photon field operator in circular basis. Let us assume that the field operator
Ψ(N) (68) satisfies the scalar field condition, so that under Lorentz transformation we have
U(Λ, N)Ψ(N)U(Λ, N)†
= U(Λ, N)
∑
s,s′
∫
dΓ(k)dΓ(k′) ψss′(k,k′)as(k, N)†as′(k′, N)†U(Λ, N)†
=
∑
s,s′
∫
dΓ(k)dΓ(k′) ψss′ (k,k′)e−2isΘ(Λ,Λk)e−2is
′Θ(Λ,Λk′)as(Λk, N)
†as′(Λk′, N)†
=
∑
s,s′
∫
dΓ(k)dΓ(k′) ψss′ (Λ−1k,Λ−1k′)e−2isΘ(Λ,k)e−2is
′Θ(Λ,k′)as(k, N)
†as′(k′, N)†
= Ψ(N). (99)
This implies the following transformation rule for the fields:
ψss′ (k,k
′)e2isΘ(Λ,k)e2is
′Θ(Λ,k′) = ψss′ (Λ
−1
k,Λ−1k′), (100)
which is consistent with (96).
C. Transformation properties of states maximally anti-correlated in circular basis
Now let us assume that the field operator Ψ11(N) corresponding to one of the Bell states (78) transforms
as a scalar field under Lorentz transformation, so that
U(Λ, N)Ψ11(N)U(Λ, N)
†
= U(Λ, N)
∑
s=±
∫
dΓ(k)dΓ(k′) ψs−s(k,k′)as(k, N)†a−s(k′, N)†U(Λ, N)†
=
∫
dΓ(k)dΓ(k′) ψ+−(k,k′)e−2iΘ(Λ,Λk)e2iΘ(Λ,Λk
′)a+(Λk, N)
†a−(Λk′, N)†
+
∫
dΓ(k)dΓ(k′) ψ−+(k,k′)e2iΘ(Λ,Λk)e−2iΘ(Λ,Λk
′)a−(Λk, N)†a+(Λk′, N)†
=
∫
dΓ(k)dΓ(k′) ψ+−(Λk,Λk′)a+(Λk, N)†a−(Λk′, N)†
+
∫
dΓ(k)dΓ(k′) ψ−+(Λk,Λk′)a−(Λk, N)†a+(Λk′, N)† = Ψ11(N). (101)
This implies the following transformation rules for the fields:
ψ+−(Λ−1k,Λ−1k′) = ψ+−(k,k′)e2iΘ(Λ,k)e−2iΘ(Λ,k
′), (102)
ψ−+(Λ−1k,Λ−1k′) = ψ−+(k,k′)e−2iΘ(Λ,k)e2iΘ(Λ,k
′). (103)
On the other hand from the condition for maximally anti-correlated states in linear basis (77) we get
ψ−+(Λ−1k,Λ−1k′) = −e2i(θ11(Λ
−1
k)−θ11(Λ−1k′))ψ+−(Λ−1k,Λ−1k′)
= −e2i(θ11(Λ−1k)−θ11(Λ−1k′))ψ+−(k,k′)e2iΘ(Λ,k)e−2iΘ(Λ,k′)
= e2i(θ11(Λ
−1
k)−θ11(Λ−1k′))ψ−+(k,k′)e−2i(θ11(k)−θ11(k
′))e2iΘ(Λ,k)e−2iΘ(Λ,k
′).
(104)
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Comparison of (103) and (104) implies the transformation rule for the polarization angle under Lorentz
transformation:
θ11(Λ
−1
k) = θ11(k)− 2Θ(Λ,k). (105)
We can interpret this as if the polarization angle due to Lorentz transformation is shifted by the Wigner
phase. With this condition it can be shown that indeed the field operator Ψ11(N) transforms as a scalar
in both bases: linear and circular. Let us remind ourselves that the Wigner phase depends only on the
direction of momentum, not on the frequency, so that all parallel wave vectors correspond to the same
rotational angle. This was shown by Caban and Rembielin´ski in [49]. Now taking into account conditions
(77) and transformation rules for the null tetrad shown in appendix (B.9)-(B.10) we can write an example
of the fields in terms of the null tetrad:
ψ+−(k,k′) = ma(k)m¯a(k′), (106)
ψ−+(k,k′) = m¯a(k)ma(k′). (107)
We can also write the field operator Ψ11(N) with respect to the null tetrad, i.e.
Ψ11(N) =
∫
dΓ(k)dΓ(k′)
(
ma(k)m¯
a(k′)a+(k, N)†a−(k′, N)† + m¯a(k)ma(k′)a−(k, N)†a+(k′, N)†
)
= 2i
∫
dΓ(k)dΓ(k′) e−i(θ11(k)−θ11(k
′))m¯a(k)m
a(k′)aθ(k, N)†aθ′(k′, N)†. (108)
Under Lorentz transformation we have the following transformation rules for creation operators in linear
basis.
U(Λ, N)aθ(k, N)
†aθ′(k′, N)†U(Λ, N)† = aθ(Λk, N)†aθ′(Λk′, N)†, (109)
U(Λ, N)aθ(k, N)
†aθ(k′, N)†U(Λ, N)† = aθ(Λk, N)†aθ(Λk′, N)†, (110)
U(Λ, N)aθ′(k, N)
†aθ′(k′, N)†U(Λ, N)† = aθ′(Λk, N)†aθ′(Λk′, N)†. (111)
It should be stressed that, for this calculus, the transformation rule for the polarization angle was taken
into account. Now let us see how the field operator Ψ11(N) in linear basis transforms under Lorentz
transformation. Using the transformation formula (109) we find that
U(Λ, N)Ψ11(N)U(Λ, N)
†
= 2i
∫
dΓ(k)dΓ(k′) e−i(θ11(k)−θ11(k
′))m¯a(k)m
a(k′)aθ(Λk, N)†aθ′(Λk′, N)†
= 2i
∫
dΓ(k)dΓ(k′) e−i(θ11(Λ
−1
k)−θ11(Λ−1k′))m¯a(Λ−1k)ma(Λ−1k′)aθ(k, N)†aθ′(k′, N)†
= 2i
∫
dΓ(k)dΓ(k′) e−i(θ11(k)−θ11(k
′))m¯a(k)m
a(k′)aθ(k, N)†aθ′(k′, N)†. (112)
As one can see such a state is still maximally correlated after Lorentz transformation. This was discussed
earlier by M. Czachor in [68] and by H. Terashima and M. Ueda in [39]. The correlation in both bases
depends on the relation between the polarization angle θ(k) and the fields. Conclusion is that to maintain
under Lorentz transformations maximal entanglement in EPR-type experiments in both bases, one has to
employ momentum dependent polarization functions θ(k) that compensate the Wigner phase 2Θ(Λ,k).
Now let us consider the field operator Ψ12(N) (81). In circular basis we want this field operator to
transform under Lorentz transformation as a scalar:
U(Λ, N)Ψ12(N)U(Λ, N)
†
= U(Λ, N)
∑
s=±
∫
dΓ(k)dΓ(k′) ψs−s(k,k′)as(k, N)†a−s(k′, N)†U(Λ, N)†
=
∫
dΓ(k)dΓ(k′) ψ+−(k,k′)e−2iΘ(Λ,Λk)e2iΘ(Λ,Λk
′)a+(Λk, N)
†a−(Λk′, N)†
+
∫
dΓ(k)dΓ(k′) ψ−+(k,k′)e2iΘ(Λ,Λk)e−2iΘ(Λ,Λk
′)a−(Λk, N)†a+(Λk′, N)†
=
∫
dΓ(k)dΓ(k′) ψ+−(Λk,Λk′)a+(Λk, N)†a−(Λk′, N)†
+
∫
dΓ(k)dΓ(k′) ψ−+(Λk,Λk′)a−(Λk, N)†a+(Λk′, N)† = Ψ12(N). (113)
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This implies the following transformation rules for the fields:
ψ+−(k,k′)e2iΘ(Λ,k)e−2iΘ(Λ,k
′) = ψ+−(Λ−1k,Λ−1k′), (114)
ψ−+(k,k′)e−2iΘ(Λ,k)e2iΘ(Λ,k
′) = ψ−+(Λ−1k,Λ−1k′). (115)
Furthermore, from the condition on the polarization angle and the field (80) we get
ψ−+(Λ−1k,Λ−1k′) = e2i(θ12(Λ
−1
k)−θ12(Λ−1k′))ψ+−(Λ−1k,Λ−1k′)
= e2i(θ12(Λ
−1
k)−θ12(Λ−1k′))ψ+−(k,k′)e2iΘ(Λ,k)e−2iΘ(Λ,k
′)
= e2i(θ12(Λ
−1
k)−θ12(Λ−1k′))ψ−+(k,k′)e−2i(θ12(k)−θ12(k
′))e2iΘ(Λ,k)e−2iΘ(Λ,k
′),
(116)
and this implies the transformation rule for the polarization angle θ12(k):
θ12(Λ
−1
k) = θ12(k)− 2Θ(Λ,k). (117)
Now we can write the field operator Ψ12(N) (81) with respect to the null tetrad
Ψ12(N) =
∫
dΓ(k)dΓ(k′) ei(θ12(k)−θ12(k
′))ma(k)m¯
a(k′)
(
aθ(k, N)
†aθ(k′, N)† + aθ′(k, N)†aθ′(k′, N)†
)
.
(118)
Such field holds the scalar field condition also in the linear polarization basis.
D. Transformation properties of states maximally correlated in circular basis
For the field operator Ψ21(N) (87) we first assume the following transformation rule in circular basis
U(Λ, N)Ψ21(N)U(Λ, N)
†
= U(Λ, N)
∑
s=∓
∫
dΓ(k)dΓ(k′) ψss(k,k′)as(k, N)†as(k′, N)†U(Λ, N)†
=
∫
dΓ(k)dΓ(k′) ψ++(k,k′)e2iΘ(Λ,Λk)e2iΘ(Λ,Λk
′)a+(Λk, N)
†a+(Λk′, N)†
+
∫
dΓ(k)dΓ(k′) ψ−−(k,k′)e−2iΘ(Λ,Λk)e−2iΘ(Λ,Λk
′)a−(Λk, N)†a−(Λk′, N)†
=
∫
dΓ(k)dΓ(k′) ψ++(Λk,Λk′)a+(Λk, N)†a+(Λk′, N)†
+
∫
dΓ(k)dΓ(k′) ψ−−(Λk,Λk′)a−(Λk, N)†a−(Λk′, N)† = Ψ21(N). (119)
This implies that the fields have to transform as:
ψ++(k,k
′)e2iΘ(Λ,k)e2iΘ(Λ,k
′) = ψ++(Λ
−1
k,Λ−1k′), (120)
ψ−−(k,k′)e−2iΘ(Λ,k)e−2iΘ(Λ,k
′) = ψ−−(Λ−1k,Λ−1k′). (121)
From (86) we get
ψ−−(Λ−1k,Λ−1k′) = −e2i(θ21(Λ−1k)+θ21(Λ−1k′))ψ++(Λ−1k,Λ−1k′)
= −e2i(θ21(Λ−1k)−θ21(Λ−1k′))ψ++(k,k′)e2iΘ(Λ,k)e2iΘ(Λ,k′)
= e2i(θ21(Λ
−1
k)+θ21(Λ
−1
k
′))ψ−−(k,k′)e−2i(θ21(k)+θ21(k
′))e2iΘ(Λ,k)e2iΘ(Λ,k
′).
(122)
This implies the following transformation rule for the polarization angle θ21(k):
θ21(Λ
−1
k) = θ21(k)− 2Θ(Λ,k). (123)
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Taking into account conditions (86) and transformation rules for the null tetrad (B.9) - (B.10), we can
write an example of fields in terms of the null tetrad:
ψ++(k,k
′) = ma(k)ma(k′), (124)
ψ−−(k,k′) = m¯a(k)m¯a(k′). (125)
Now we can write the field operator Ψ21(N) (87) with respect to the null tetrad in circular and linear
bases
Ψ21(N) =
∫
dΓ(k)dΓ(k′)
(
ma(k)m
a(k′)a+(k, N)†a+(k′, N)† + m¯a(k)m¯a(k′)a−(k, N)†a−(k′, N)†
)
= −2i
∫
dΓ(k)dΓ(k′) e−i(θ21(k)+θ21(k
′))m¯a(k)m¯
a(k′)aθ(k, N)†aθ′(k′, N)†. (126)
Finally we will consider the field operator corresponding to the field operator Ψ22(N) (90). First we would
want this operator in circular basis to transform as a scalar field:
U(Λ, N)Ψ22(N)U(Λ, N)
†
= U(Λ, N)
∑
s=±
∫
dΓ(k)dΓ(k′) ψss(k,k′)as(k, N)†as(k′, N)†U(Λ, N)†
=
∫
dΓ(k)dΓ(k′) ψ++(k,k′)e2iΘ(Λ,Λk)e2iΘ(Λ,Λk
′)a+(Λk, N)
†a+(Λk′, N)†
+
∫
dΓ(k)dΓ(k′) ψ−−(k,k′)e−2iΘ(Λ,Λk)e−2iΘ(Λ,Λk
′)a−(Λk, N)†a−(Λk′, N)†
=
∫
dΓ(k)dΓ(k′) ψ++(Λk,Λk′)a+(Λk, N)†a+(Λk′, N)†
+
∫
dΓ(k)dΓ(k′) ψ−−(Λk,Λk′)a−(Λk, N)†a−(Λk′, N)† = Ψ22(N). (127)
This implies the following transformation rule on the field
ψ++(k,k
′)e2iΘ(Λ,k)e2iΘ(Λ,k
′) = ψ++(Λ
−1
k,Λ−1k′),
ψ−−(k,k′)e−2iΘ(Λ,k)e−2iΘ(Λ,k
′) = ψ−−(Λ−1k,Λ−1k′). (128)
From (89) we get
ψ−−(Λ−1k,Λ−1k′) = e2i(θ22(Λ
−1
k)+θ22(Λ
−1
k
′))ψ++(Λ
−1
k,Λ−1k′)
= e2i(θ22(Λ
−1
k)−θ22(Λ−1k′))ψ++(k,k′)e2iΘ(Λ,k)e2iΘ(Λ,k
′)
= e2i(θ22(Λ
−1
k)+θ22(Λ
−1
k
′))ψ−−(k,k′)e−2i(θ22(k)+θ22(k
′))e2iΘ(Λ,k)e2iΘ(Λ,k
′).
(129)
This implies the following transformation rule for the polarization angle θ22(k):
θ22(Λ
−1
k) = θ22(k)− 2Θ(Λ,k). (130)
Now we can write the field operator Ψ22(N) (90) with respect to the null tetrad
Ψ22(N) =
∫
dΓ(k)dΓ(k′)
(
ma(k)m
a(k′)a+(k, N)†a+(k′, N)† + m¯a(k)m¯a(k′)a−(k, N)†a−(k′, N)†
)
=
∫
dΓ(k)dΓ(k′) ei(θ22(k)+θ22(k
′))ma(k)m
a(k′)
(
aθ(k, N)
†aθ(k′, N)† − aθ′(k, N)†aθ′(k′, N)†
)
=
∫
dΓ(k)dΓ(k′) e−i(θ22(k)+θ22(k
′))m¯a(k)m¯
a(k′)
(
aθ(k, N)
†aθ(k′, N)† − aθ′(k, N)†aθ′(k′, N)†
)
.
(131)
Under Lorentz transformation field operators Ψ21(N) and Ψ22(N) holds the scalar field condition in both
polarization bases. Without the transformation rule on the polarization angle such states no longer would
have maintained the maximal correlation.
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VI. OBSERVABLES IN EPR-TYPE EXPERIMENTS
A. Yes-no observable
Let us first define a yes-no observable for the linear polarizations:
Yα(l, N) = nα(l, N)− nα′(l, N). (132)
Here nα(l, N) is the number operator for α oriented polarizations in N -oscillator reducible representation.
In (132) we use the definition (34) for the number operator. This observable may describe measurement
on detectors oriented in α direction in EPR-type experiments, and α′ is denoted here as α′ = α+ pi2 . We
can write the yes-no observable also with respect to circular polarizations, i.e.
Yα(l, N) =
N∑
n=1
∑
s=±
(
e2isα|l〉〈l| ⊗ a†−sas
)(n)
.
(133)
Let us note that an observable so defined measures the polarization angle with respect to the circular
polarization basis (left-handed or right-handed). This can be seen when in (133) we change the sing of
the α angle, i.e.
Y−α(l, N) =
N∑
n=1
∑
s=±
(
e2isα|l〉〈l| ⊗ a†sa−s
)(n)
.
(134)
This remark is important for further interpretation of the correlation functions, where in next sections for
anti-correlated in circular basis states we get a cos(β − α) term and for correlated in circular basis states
a cos(β + α) term. For a more realistic case the localization of the photon detector leads to a momentum
solid angle spread l ∈ Ω, and this is why we will consider the following observable
Yα(N) =
∫
Ω
dΓ(l) Yα(l, N). (135)
It should be stressed here that the α angle in detectors is fixed for all momentum values of the photon
field. This is important for the relativistic background, because it is assumed here that the polarization
angle for linearly polarized fields depends on the momentum and is shifted due to the Wigner phase
under Lorentz transformation. Let us remind ourselves that this dependence on momentum is necessary
for maintaining Lorentz invariance for all of the four Bell states. On the other hand we know that the
Wigner phase depends only on the direction of the momentum, so for parallel wave vectors this would
not effect the detection.
Observable (135) doesn’t always give eigenvalue +1 for one photon fields polarized under α angle
and −1 for fields polarized under angle α′. Taking under consideration this eigenvalue problem we see
that
Yα(N)|Ψα(N, 1)〉 =
∫
Ω
dΓ(l) Yα(l, N)
∫
dΓ(k) Ψ(k, nα)a
†
α(k, N)|O(N)〉
=
1√
2
∫
Ω
dΓ(l) Ψ(l, nα)
N∑
n=1
(∑
s=±
|l〉〈l| ⊗ a†seisα(l)e−2isα
)(n)
|O(N)〉. (136)
So first we have to assume that the support of the wave function Ψ(l, nα) is embedded in Ω and further
within this angle the dependence on momentum of the polarization can be neglected, so α(l) = α. Then
the eigenvalue will be +1, i.e.
Yα(N)|Ψα(N, 1)〉 = +1|Ψα(N, 1)〉. (137)
For fields polarized under a perpendicular angle, in analogy to the previous calculus, we get
Yα(N)|Ψα′(N, 1)〉 =
∫
Ω
dΓ(l) Yα(l, N)
∫
dΓ(k) Ψ(k, nα′)a
†
α′(k, N)|O(N)〉
= − 1√
2
∫
Ω
dΓ(l) Ψ(l, nα′)
N∑
n=1
(∑
s=±
|l〉〈l| ⊗ a†seisα
′(l)e−2isα
′
)(n)
|O(N)〉. (138)
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Again, assuming the wave function is all concentrated within Ω and within this angle spread the dependence
on momentum of the polarization angle can be neglected, we get
Yα(N)|Ψα′(N, 1)〉 = −1|Ψα′(N, 1)〉. (139)
B. Correlation function for two-photon states
Now let us consider two observers in the same inertial frame. Alice measures α oriented photons and
Bob β oriented ones. Their observables are Yα(N) and Yβ(N) respectively. In a more realistic case the
localization of the photon detectors leads to momentum solid angle spreads l ∈ Ω, l′ ∈ Ω′ respectively.
Then the normalized correlation function for an arbitrary two state photon will be then given by:
〈O(N)|Ψ(N)†Yβ(N)Yα(N)Ψ(N)|O(N)〉
〈O(N)|Ψ(N)†Ψ(N)|O(N)〉 . (140)
First we will consider the two-photon field operator Ψ(N) (68). The unnormalized ERP average can be
written in the form
〈O(N)|Ψ(N)†Yβ(N)Yα(N)Ψ(N)|O(N)〉
= 4
∑
ss′=±
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) e−2i(sβ+s
′α)ψ¯ss′ (l, l
′)ψ−s′−s(l′, l)〈O(N)|I(l, N)I(l′, N)|O(N)〉
+ 4
∑
ss′=±
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′)
∫
dΓ(k) e−2i(sβ−sα)ψ¯ss′ (l,k)ψss′(l′,k)δΓ(l, l′)〈O(N)|I(k, N)I(l, N)|O(N)〉.
(141)
In the case of disjoint detectors, i.e. Ω ∩ Ω′ = ∅, just one part of (141) has contribution to the EPR
average, so that
〈O(N)|Ψ(N)†Yβ(N)Yα(N)Ψ(N)|O(N)〉
=
4(N − 1)
N
∑
ss′=±
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) e−2i(sβ+s
′α)ψ¯ss′ (l, l
′)ψ−s′−s(l′, l)Z(l)Z(l′). (142)
Now let us use the symmetry condition (70) and take a closer look at part:∑
ss′=±
e−2i(sβ+s
′α)ψ¯ss′(l, l
′)ψ−s−s′ (l, l′) =
∑
ss′=±
e2i(sβ+s
′α)ψ¯−s−s′ (l, l′)ψss′ (l, l′)
= 2 cos 2(β + α)ℜ (ψ¯++(l, l′)ψ−−(l, l′))+ 2 sin 2(β + α)ℑ (ψ¯++(l, l′)ψ−−(l, l′))
+ 2 cos 2(β − α)ℜ (ψ¯+−(l, l′)ψ−+(l, l′))+ 2 sin 2(β − α)ℑ (ψ¯+−(l, l′)ψ−+(l, l′)) . (143)
This part is purely real and after some basic manipulations we come to the form (143). This calculus was
done mostly to bring up the cos 2(β ± α) part, known from literature. So the unnormalized EPR average
for an arbitrary two-photon state can be written in the form
〈O(N)|Ψ(N)†Yβ(N)Yα(N)Ψ(N)|O(N)〉
=
8(N − 1)
N
cos 2(β + α)
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) ℜ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
sin 2(β + α)
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) ℑ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
cos 2(β − α)
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) ℜ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
sin 2(β − α)
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) ℑ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′). (144)
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C. Correlation function for maximally anti-correlated in circular polarization basis states
Now let us consider the correlation function for Bell states, starting from the maximally anti-correlated
in circular polarization basis field operator Ψ1(N) (75). In a realistic case, when the localization of the
photon detectors leads to momentum solid angle spreads l ∈ Ω, l′ ∈ Ω′ and for disjoint detectors Ω∩Ω′ = ∅,
the correlation function reads:
〈O(N)|Ψ1(N)†Yβ(N)Yα(N)Ψ1(N)|O(N)〉
=
8(N − 1)
N
cos 2(β − α)
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) ℜ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
sin 2(β − α)
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) ℑ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′). (145)
For the field operator Ψ11(N) we will use the condition on the field and polarization angle (77), and then
the EPR average can be written in the form
〈O(N)|Ψ11(N)†Yβ(N)Yα(N)Ψ11(N)|O(N)〉
=
−8(N − 1)
N
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β − α− θ11(l) + θ11(l′))|ψ−+(l, l′)|2Z(l)Z(l′). (146)
Furthermore, the normalized EPR average reads
〈O(N)|Ψ11(N)†Yβ(N)Yα(N)Ψ11(N)|O(N)〉
〈O(N)|Ψ11(N)†Ψ11(N)|O(N)〉
=
−2(N − 1) ∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β − α− θ11(l) + θ11(l′))|ψ−+(l, l′)|2Z(l)Z(l′)∫
dΓ(k)|ψ+−(k,k)|2Z(k) + (N − 1)
∫
dΓ(k)dΓ(k′)|ψ+−(k,k′)|2Z(k)Z(k′) . (147)
Now let us use the explicit values of ψ+−(k,k′) (106) taken from the Lorentz covariance condition of such
two-photon field
〈O(N)|Ψ11(N)†Yβ(N)Yα(N)Ψ11(N)|O(N)〉
〈O(N)|Ψ11(N)†Ψ11(N)|O(N)〉
=
−2(N − 1) ∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β − α− θ11(l) + θ11(l′))|ma(l)m¯a(l′)|2Z(l)Z(l′)
1 + (N − 1) ∫ dΓ(k)dΓ(k′)|ma(k)m¯a(k′)|2Z(k)Z(k′) . (148)
We can see that the term
∫
dΓ(k)|ψ+−(k,k)|2Z(k) = 1 and this makes the normalized EPR average
dependent on the N parameter, while in the N →∞ limit it takes the form
lim
N→∞
〈O(N)|Ψ11(N)†Yβ(N)Yα(N)Ψ11(N)|O(N)〉
〈O(N)|Ψ11(N)†Ψ11(N)|O(N)〉
=
−2 ∫Ω dΓ(l) ∫Ω′ dΓ(l′) cos 2(β − α− θ11(l) + θ11(l′))|ma(l)m¯a(l′)|2Z(l)Z(l′)∫
dΓ(k)dΓ(k′)|ma(k)m¯a(k′)|2Z(k)Z(k′) . (149)
For the field operator Ψ12(N) (81), we will use the (80) condition on the field and the polarization angle,
so that
〈O(N)|Ψ12(N)†Yβ(N)Yα(N)Ψ12(N)|O(N)〉
=
8(N − 1)
N
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β − α− θ12(l) + θ12(l′))|ψ−+(l, l′)|2Z(l)Z(l′). (150)
Then the normalized EPR average for Ψ12(N) states reads
〈O(N)|Ψ12(N)†Yβ(N)Yα(N)Ψ12(N)|O(N)〉
〈O(N)|Ψ12(N)†Ψ12(N)|O(N)〉
=
2(N − 1) ∫Ω dΓ(l) ∫Ω′ dΓ(l′) cos 2(β − α− θ12(l) + θ12(l′))|ψ−+(l, l′)|2Z(l)Z(l′)∫
dΓ(k)|ψ+−(k,k)|2Z(k) + (N − 1)
∫
dΓ(k)dΓ(k′)|ψ+−(k,k′)|2Z(k)Z(k′) , (151)
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and similarly for the explicit values of ψ+−(k,k′) we get
〈O(N)|Ψ12(N)†Yβ(N)Yα(N)Ψ12(N)|O(N)〉
〈O(N)|Ψ12(N)†Ψ12(N)|O(N)〉
=
2(N − 1) ∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β − α− θ12(l) + θ12(l′))|ma(l)m¯a(l′)|2Z(l)Z(l′)
1 + (N − 1) ∫ dΓ(k)dΓ(k′)|ma(k)m¯a(k′)|2Z(k)Z(k′) . (152)
Also the normalized EPR average for Ψ12(N) becomes dependent on the N parameter and in the N →∞
limit becomes
lim
N→∞
〈O(N)|Ψ12(N)†Yβ(N)Yα(N)Ψ12(N)|O(N)〉
〈O(N)|Ψ12(N)†Ψ12(N)|O(N)〉
=
2
∫
Ω dΓ(l)
∫
Ω′ dΓ(l
′) cos 2(β − α− θ12(l) + θ12(l′))|ma(l)m¯a(l′)|2Z(l)Z(l′)∫
dΓ(k)dΓ(k′)|ma(k)m¯a(k′)|2Z(k)Z(k′) . (153)
Furthermore, using relation on the polarization angles θ11(k) and θ12(k) (82) we see that
〈O(N)|Ψ11(N)†Yβ(N)Yα(N)Ψ11(N)|O(N)〉
〈O(N)|Ψ11(N)†Ψ11(N)|O(N)〉 =
〈O(N)|Ψ12(N)†Yβ(N)Yα(N)Ψ12(N)|O(N)〉
〈O(N)|Ψ12(N)†Ψ12(N)|O(N)〉 . (154)
D. Correlation function for maximally correlated in circular polarization basis states
Now we will follow the same calculations as from the previous section, only this time for the field
operators corresponding to states maximally correlated in circular basis. For such field operators let us
consider Ψ2(N) (84). Again we are assuming a realistic case when the localization of the photon detectors
leads to momentum solid angle spreads l ∈ Ω, l′ ∈ Ω′ and disjoint detectors Ω ∩ Ω′ = ∅. Then the
correlation function reads:
〈O(N)|Ψ2(N)†Yβ(N)Yα(N)Ψ2(N)|O(N)〉
=
8(N − 1)
N
cos 2(β + α)
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) ℜ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
sin 2(β + α)
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) ℑ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′). (155)
For the field operator Ψ21(N) (87), we will use the (86) condition on the field and polarization angle
〈O(N)|Ψ21(N)†Yβ(N)Yα(N)Ψ21(N)|O(N)〉
=
−8(N − 1)
N
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ21(l)− θ21(l′))|ψ−−(l, l′)|2Z(l)Z(l′). (156)
Then the normalized EPR average for Ψ21(N) reads
〈O(N)|Ψ21(N)†Yβ(N)Yα(N)Ψ21(N)|O(N)〉
〈O(N)|Ψ21(N)†Ψ21(N)|O(N)〉
=
−2(N − 1) ∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ21(l)− θ21(l′))|ψ−−(l, l′)|2Z(l)Z(l′)∫
dΓ(k)|ψ−−(k,k)|2Z(k) + (N − 1)
∫
dΓ(k)dΓ(k′)|ψ−−(k,k′)|2Z(k)Z(k′) . (157)
Using the explicit value of ψ−−(k,k′) and knowing that ψ−−(k,k) = 0, we come to the EPR average that
does not depend on the N parameter, i.e.
〈O(N)|Ψ21(N)†Yβ(N)Yα(N)Ψ21(N)|O(N)〉
〈O(N)|Ψ21(N)†Ψ21(N)|O(N)〉
=
−2 ∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ21(l)− θ21(l′))|ma(l)ma(l′)|2Z(l)Z(l′)∫
dΓ(k)dΓ(k′)|ma(k)ma(k′)|2Z(k)Z(k′) . (158)
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For the field operator Ψ22(N) (90), we will use the condition on the field and the polarization angle (89),
so that the unnormalized EPR average can be written in the form
〈O(N)|Ψ22(N)†Yβ(N)Yα(N)Ψ22(N)|O(N)〉
=
8(N − 1)
N
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ22(l)− θ22(l′))|ψ−−(l, l′)|2Z(l)Z(l′). (159)
Then the normalized EPR average for Ψ22(N) Bell state reads
〈O(N)|Ψ22(N)†Yβ(N)Yα(N)Ψ22(N)|O(N)〉
〈O(N)|Ψ22(N)†Ψ22(N)|O(N)〉
=
2(N − 1) ∫Ω dΓ(l) ∫Ω′ dΓ(l′) cos 2(β + α− θ22(l)− θ22(l′))|ψ−−(l, l′)|2Z(l)Z(l′)∫
dΓ(k)|ψ−−(k,k)|2Z(k) + (N − 1)
∫
dΓ(k)dΓ(k′)|ψ−−(k,k′)|2Z(k)Z(k′) . (160)
It should be stressed that also for the Ψ22(N) field operator the EPR average doesn’t depend on the N
parameter
〈O(N)|Ψ22(N)†Yβ(N)Yα(N)Ψ22(N)|O(N)〉
〈O(N)|Ψ22(N)†Ψ22(N)|O(N)〉
=
2
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ22(l)− θ22(l′))|ma(l)ma(l′)|2Z(l)Z(l′)∫
dΓ(k)dΓ(k′)|ma(k)ma(k′)|2Z(k)Z(k′) . (161)
Finally, using the relation between the polarization angles θ21(k) and θ22(k) (91), we see that
〈O(N)|Ψ21(N)†Yβ(N)Yα(N)Ψ21(N)|O(N)〉
〈O(N)|Ψ21(N)†Ψ21(N)|O(N)〉 =
〈O(N)|Ψ22(N)†Yβ(N)Yα(N)Ψ22(N)|O(N)〉
〈O(N)|Ψ22(N)†Ψ22(N)|O(N)〉 . (162)
From these calculations two main conclusion can be made. First one involves the N parameter. In
reducible representations the N parameter does not necessary have to go to infinity, since each oscillator
is a superposition of already infinitely many different momentum states. If we made an assumption
that the N parameter is a finite large number, it would have had an influence on the outcome of the
EPR average for states maximally anti-correlated in circular basis. Like shown in section VIC the EPR
average for maximally anti-correlated in circular polarization basis states depends on the N parameter.
The extra term in the denominator of the EPR averages for maximally anti-correlated in circular basis
Bell states corresponding to the Ψ1(N) field operator may have influence on the outcome compared with
the maximally correlated in circular basis Bell states corresponding to field operator Ψ2(N). Putting
it another way, if any experiments confirmed a smaller outcome of the EPR average for maximally
anti-correlated in circular basis states comparing with maximally correlated in circular basis states, it
could have spoken in favor for the N parameter being a finite number.
The second conclusion involves the polarization angle which for this representation is dependent
on momentum. But first as an example let us take the EPR average for the correlated in circular
polarization basis field operator Ψ2(N)
2
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ22(l)− θ22(l′))|ψ−−(l, l′)|2Z(l)Z(l′)∫
dΓ(k)dΓ(k′)|ψ−−(k,k′)|2Z(k)Z(k′) . (163)
Number 2 in the numerator may look suspicious at first, but it can be shown that this comes from the
symmetry of the |ψ−−(k,k′)|2Z(k)Z(k′) term. Denoting f(k,k′) = |ψ−−(k,k′)|2Z(k)Z(k′), we see that
f(k,k′) = f(k′,k), and
2
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ22(l)− θ22(l′))f(l, l′)
=
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ22(l)− θ22(l′))f(l, l′)
+
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ22(l′)− θ22(l))f(l′, l)
=
∫
(Ω×Ω′)∪(Ω′×Ω)
dΓ(l) dΓ(l′) cos 2(β + α− θ22(l)− θ22(l′))f(l, l′). (164)
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We find that (Ω×Ω′)∪ (Ω′×Ω) ⊂ R3×R3, f(k,k′) is always nonnegative and the cosine term is bounded,
i.e. | cos 2(β + α− θ22(l)− θ22(l′))| ≤ 1, which implies that∫
(Ω×Ω′)∪(Ω′×Ω) dΓ(l) dΓ(l
′) cos 2(β + α− θ22(l)− θ22(l′))f(l, l′)∫
R3×R3 dΓ(k)dΓ(k
′)f(k,k′)
≤ 1. (165)
As we can see the EPR average in such reducible representation with the polarization angle dependent on
momentum may serve a shift of phase comparing with “standard theory models”. Other than that, for
the vacuum probability density function Z(k) being flat in the detector’s momentum solid angle spread,
is hard to distinguish this result from “standard models”.
VII. EPR-TYPE EXPERIMENT UNDER LORENTZ TRANSFORMATION
Now the relativistic correlations for photon Bell states in the background of reducible representations of
N -oscillator algebras will be considered. For the relativistic considerations the field should be a Lorentz
covariant one, and the invariance of the four Bell state corresponding field operators of the proposed model
was shown in previous section V. Let us then consider two observers moving relative to each other with
detectors that detect an EPR pair. As far as simultaneity of events is considered the moment of the
collapse of the field will depend on the reference frame and observers may have a disagreement on whose
detectors clicked first. Therefore for considerations made in this section the simultaneity problem is not
an issue in EPR experiment, where in the experiment we ask a question about the correlations. In other
words, although observers may not agree on whose detector clicked first, they will agree on the outcome
of the experiment, i.e. the correlations. In this sense there in no preferred frame of reference.
A. Relativistic correlation of a two-photon state - case 1
Within the framework of relativistic quantum field theory, let us consider the Einstein-Podolsky-Rosen
(EPR) gedankenexperiment in which measurements on detectors are performed by moving observers. In
this section we perform a Lorenz transformation on both detectors Alice’s and Bob’s, so that Alice and Bob
are in the same reference frame, not moving with respect to each other. We will start with an arbitrary
two-photon state.
First let us notice that in detectors modeled by a yes-no observable (133) after a Lorentz transformation
the α orientation angle is observed to be shifted by the Wigner phase 2Θ(Λ, r).
U(Λ, N)†Yα(l, N)U(Λ, N) =
N∑
n=1
∑
s=±
(
e2isαe−4isΘ(Λ,l)|Λ−1l〉〈Λ−1l| ⊗ a†−sas
)(n)
. (166)
So that under Lorentz transformation performed on both detectors we have an unnormalized EPR average
of the form
〈O(N)|Ψ(N)†U(Λ, N)†Yβ(N)Yα(N)U(Λ, N)Ψ(N)|O(N)〉
= 4
∑
ss′=±
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) e−2i(sβ+s
′α)e4i(sΘ(Λ,l)+s
′Θ(Λ,l′))ψ¯ss′(Λ
−1
l,Λ−1l′)ψ−s′−s(Λ−1l′,Λ−1l)
× 〈O(N)|I(Λ−1l, N)I(Λ−1l′, N)|O(N)〉
+ 4
∑
ss′=±
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′)
∫
dΓ(k) e−2i(sβ−sα)e4i(sΘ(Λ,l)−sΘ(Λ,l
′))
× ψ¯ss′(Λ−1l,k)ψss′(Λ−1l′,k)δΓ(Λ−1l,Λ−1l′)〈O(N)|I(k, N)I(Λ−1l, N)|O(N)〉. (167)
In the case of disjoint detectors just one part has contribution. Also from the transformation rule on the
fields (100) we get:
〈O(N)|Ψ(N)†U(Λ, N)†Yβ(N)Yα(N)U(Λ, N)Ψ(N)|O(N)〉
=
4(N − 1)
N
∑
ss′=±
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) e−2i(sβ+s
′α)e4i(sΘ(Λ,Λl)+s
′Θ(Λ,Λl′))ψ¯ss′(l, l
′)ψ−s−s′ (l, l′)Z(l)Z(l′).
(168)
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So the unnormalized EPR average, in the case when both detectors undergo the same Lorentz transfor-
mation, for a two-photon state can be written in the form
〈O(N)|Ψ(N)†U(Λ, N)†Yβ(N)Yα(N)U(Λ, N)Ψ(N)|O(N)〉
=
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β + α− 2Θ(Λ,Λl)− 2Θ(Λ,Λl′))ℜ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) sin 2(β + α− 2Θ(Λ,Λl)− 2Θ(Λ,Λl′))ℑ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β − α− 2Θ(Λ,Λl) + 2Θ(Λ,Λl′))ℜ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) sin 2(β − α− 2Θ(Λ,Λl) + 2Θ(Λ,Λl′))ℑ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′).
(169)
B. Relativistic correlation function for maximally anti-correlated in circular polarization basis
states - case 1
Now let us consider such relativistic correlation function for the Bell states. We will start from the
maximally anti-correlated states in circular polarization basis corresponding to the field operator Ψ1(N)
(75). In a realistic case, when the localization of the photon detectors leads to momentum solid angle
spreads l ∈ Ω, l′ ∈ Ω′ and the detectors are disjoint Ω ∩ Ω′ = ∅, the correlation function reads:
〈O(N)|Ψ1(N)†U(Λ, N)†Yβ(N)Yα(N)U(Λ, N)Ψ1(N)|O(N)〉
=
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β − α− 2Θ(Λ,Λl) + 2Θ(Λ,Λl′))ℜ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) sin 2(β − α− 2Θ(Λ,Λl) + 2Θ(Λ,Λl′))ℑ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′).
(170)
For the field operator Ψ11(N) (78), using the condition on the field and the polarization angle (77), we get
〈O(N)|Ψ11(N)†U(Λ, N)†Yβ(N)Yα(N)U(Λ, N)Ψ11(N)|O(N)〉
=
−8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β − α− θ11(Λl) + θ11(Λl′))|ψ−+(l, l′)|2Z(l)Z(l′) (171)
=
−8(N − 1)
N
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β − α− θ11(l) + θ11(l′))|ψ−+(l, l′)|2Z(Λ−1l)Z(Λ−1l′).(172)
Comparing this to (148) we find that the vacuum probability density may have an influence on the
correlation of the detectors outcome.
For the Bell state corresponding to the Ψ12(N) field operator (81), using the condition on the
field and the polarization angle (80), we get
〈O(N)|Ψ12(N)†U(Λ, N)†Yβ(N)Yα(N)U(Λ, N)Ψ12(N)|O(N)〉
=
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β − α− θ12(Λl) + θ12(Λl′))|ψ−+(l, l′)|2Z(l)Z(l′) (173)
=
8(N − 1)
N
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β − α− θ12(l) + θ12(l′))|ψ−+(l, l′)|2Z(Λ−1l)Z(Λ−1l′). (174)
One may look at these formulas from two points of view: as a transformation on the detector angle spreads
and the polarization angles (171), (173) or a transformation on the vacuum probability density function
(172), (174).
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C. Relativistic correlation function for maximally correlated in circular polarization basis states -
case 1
For maximally correlated in circular polarization basis field operators let us consider the Ψ2(N) field
operator (84). In a realistic case, when the localization of the photon detectors leads to momentum solid
angle spreads l ∈ Ω, l′ ∈ Ω′ and for disjoint detectors Ω ∩ Ω′ = ∅, the correlation function reads:
〈O(N)|Ψ2(N)†U(Λ, N)†Yβ(N)Yα(N)U(Λ, N)Ψ2(N)|O(N)〉
=
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β + α− 2Θ(Λ,Λl)− 2Θ(Λ,Λl′))ℜ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) sin 2(β + α− 2Θ(Λ,Λl)− 2Θ(Λ,Λl′))ℑ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′).
(175)
For the Bell state corresponding to the Ψ12(N) field operator (87) using the condition on the field and the
polarization angle (86) we get the following unnormalized relativistic EPR average
〈O(N)|Ψ21(N)†U(Λ, N)†Yβ(N)Yα(N)U(Λ, N)Ψ21(N)|O(N)〉
=
−8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β + α− θ21(Λl)− θ21(Λl′))|ψ−−(l, l′)|2Z(l)Z(l′) (176)
=
−8(N − 1)
N
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ21(l)− θ21(l′))|ψ−−(l, l′)|2Z(Λ−1l)Z(Λ−1l′).(177)
Finally for the Bell state corresponding to the Ψ22(N) field operator (90), using the condition on the field
and the polarization function (89), we get
〈O(N)|Ψ22(N)†U(Λ, N)†Yβ(N)Yα(N)U(Λ, N)Ψ22(N)|O(N)〉
=
8(N − 1)
N
∫
ΛΩ
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β + α− θ22(Λl)− θ22(Λl′))|ψ−−(l, l′)|2Z(l)Z(l′) (178)
=
8(N − 1)
N
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ22(l)− θ22(l′))|ψ−−(l, l′)|2Z(Λ−1l)Z(Λ−1l′). (179)
Again we may look at these formulas from two points of view: as a transformation on the detectors angle
spread and the polarization angle or a transformation on the vacuum probability density.
D. Relativistic correlation of a two-photon state - case 2
Now within the framework of relativistic quantum field theory, let us consider the Einstein-Podolsky-
Rosen (EPR) gedankenexperiment in which measurements on detectors are performed by moving observers,
only this time we perform a Lorentz transformation only on Alice’s detector, so that both detectors are
moving with respect to each other.
Let us first consider the field operator corresponding to an arbitrary two-photon state (68). Under Lorentz
transformation on just one detector we have
〈O(N)|Ψ(N)†Yβ(N)U(Λ, N)†Yα(N)U(Λ, N)Ψ(N)|O(N)〉
= 4
∑
ss′=±
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′) e−2i(sβ+s
′α)e4is
′Θ(Λ,l′)ψ¯ss′(l,Λ
−1
l
′)ψ−s−s′ (l,Λ−1l′)
× 〈O(N)|I(l, N)I(Λ−1l′, N)|O(N)〉
+ 4
∑
ss′=±
∫
Ω
dΓ(l)
∫
Ω′
dΓ(l′)
∫
dΓ(k) e−2i(sβ−sα)e4isΘ(Λ,l
′)ψ¯ss′ (l,k)ψss′(Λ
−1
l
′,k)δΓ(l,Λ−1l′)
× 〈O(N)|I(k, N)I(l, N)|O(N)〉. (180)
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In the case of disjoint detectors just one part has contribution. Also from the transformation rule on the
fields (100) we get:
〈O(N)|Ψ(N)†Yβ(N)U(Λ, N)†Yα(N)U(Λ, N)Ψ(N)|O(N)〉
=
4(N − 1)
N
∑
ss′=±
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) e−2i(sβ+s
′α)e4i(s
′Θ(Λ,Λl′))ψ¯ss′ (l, l
′)ψ−s−s′ (l, l′)Z(l)Z(l′).(181)
Then the unnormalized relativistic EPR average for a two-photon state, in a situation when a Lorentz
transformation is performed only on Alice’s detector, can be written in the form
〈O(N)|Ψ(N)†Yβ(N)U(Λ, N)†Yα(N)U(Λ, N)Ψ(N)|O(N)〉
=
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β + α− 2Θ(Λ,Λl′))ℜ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) sin 2(β + α− 2Θ(Λ,Λl′))ℑ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β − α+ 2Θ(Λ,Λl′))ℜ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) sin 2(β − α+ 2Θ(Λ,Λl′))ℑ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′). (182)
E. Relativistic correlation function for maximally anti-correlated in circular polarization basis
states - case 2
In a realistic case, when the localization of the photon detectors leads to momentum solid angle spreads
l ∈ Ω, l′ ∈ Ω′ and for disjoint detectors Ω ∩ Ω′ = ∅, the correlation function reads:
〈O(N)|Ψ1(N)†Yβ(N)U(Λ, N)†Yα(N)U(Λ, N)Ψ1(N)|O(N)〉
=
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β − α+ 2Θ(Λ,Λl′))ℜ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) sin 2(β − α+ 2Θ(Λ,Λl′))ℑ (ψ¯+−(l, l′)ψ−+(l, l′))Z(l)Z(l′). (183)
For the Bell state corresponding to the Ψ11(N) field operator (78), using condition (77), we get an unnor-
malized relativistic EPR average of the form
〈O(N)|Ψ11(N)†Yβ(N)U(Λ, N)†Yα(N)U(Λ, N)Ψ11(N)|O(N)〉
=
−8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β − α− θ11(l) + θ11(Λl′))|ψ−+(l, l′)|2Z(l)Z(l′) (184)
=
−8(N − 1)
N
∫
Λ−1Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β − α− θ11(Λ−1l) + θ11(l′))|ψ−+(l, l′)|2Z(Λ−1l)Z(Λ−1l′).
(185)
Next for the Bell state corresponding to the Ψ12(N) field operator (81), and using condition (80), we get
〈O(N)|Ψ12(N)†Yβ(N)U(Λ, N)†Yα(N)U(Λ, N)Ψ12(N)|O(N)〉
=
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β − α− θ12(l) + θ12(Λl′))|ψ−+(l, l′)|2Z(l)Z(l′) (186)
=
8(N − 1)
N
∫
Λ−1Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β − α− θ12(Λ−1l) + θ12(l′))|ψ−+(l, l′)|2Z(Λ−1l)Z(Λ−1l′).
(187)
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F. Relativistic correlation function for maximally correlated in circular polarization basis states -
case 2
For maximally correlated in circular polarization basis field operators let us consider Ψ2(N). In a realistic
case, when the localization of the photon detectors leads to momentum solid angle spreads l ∈ Ω, l′ ∈ Ω′
and for disjoint detectors Ω ∩ Ω′ = ∅, the correlation function reads:
〈O(N)|Ψ2(N)†Yβ(N)U(Λ, N)†Yα(N)U(Λ, N)Ψ2(N)|O(N)〉
=
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β + α− 2Θ(Λ,Λl′))ℜ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′)
+
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) sin 2(β + α− 2Θ(Λ,Λl′))ℑ (ψ¯++(l, l′)ψ−−(l, l′))Z(l)Z(l′). (188)
Now for the Bell state corresponding to the Ψ21(N) field operator (87), using the condition (86), we get
the following unnormalized EPR average
〈O(N)|Ψ21(N)†Yβ(N)U(Λ, N)†Yα(N)U(Λ, N)Ψ21(N)|O(N)〉
=
−8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β + α− θ21(l)− θ21(Λl′))|ψ−−(l, l′)|2Z(l)Z(l′) (189)
=
−8(N − 1)
N
∫
Λ−1Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ21(Λ−1l)− θ21(l′))|ψ−−(l, l′)|2Z(Λ−1l)Z(Λ−1l′).
(190)
Finally for the Bell state corresponding to the Ψ22(N) field operator (90), using the condition (89), we get
〈O(N)|Ψ22(N)†Yβ(N)U(Λ, N)†Yα(N)U(Λ, N)Ψ22(N)|O(N)〉
=
8(N − 1)
N
∫
Ω
dΓ(l)
∫
ΛΩ′
dΓ(l′) cos 2(β + α− θ22(l)− θ22(Λl′))|ψ−−(l, l′)|2Z(l)Z(l′) (191)
=
8(N − 1)
N
∫
Λ−1Ω
dΓ(l)
∫
Ω′
dΓ(l′) cos 2(β + α− θ22(Λ−1l)− θ22(l′))|ψ−−(l, l′)|2Z(Λ−1l)Z(Λ−1l′).
(192)
We may look at these formulas from two points of view: as a transformation on the Alice’s detector
(184), (186), (189) and (191) or an inverse transformation on Bob’s detector with a compensating Lorentz
transformation on the vacuum probability density (185), (187), (190) and (192).
VIII. SUMMARY AND CONCLUSIONS
The main motivation for this work was to take a closer look at a relativistic model for photon fields in
reducible representations of harmonic oscillator Lie algebras (HOLA) proposed by Czachor [2]-[15] with an
application to relativistic EPR-type correlations. On the other hand, employing reducible representations
for relativistic EPR-type experiments may show the role that the oscillator number N and vacuum
probability density Z(k), known from such representations, play in this model.
It has been shown that it is possible to model Bell states in quantum field theory background of
N -oscillator reducible representations. The main assumption is that Bell states are maximally correlated
or maximally anti-correlated in two polarization bases: circular and linear. However it should be stressed
here that in this model the linear polarization angles are dependent on momentum, and from the condition
for maximal correlation in both bases we get conditions on the fields and polarization angle functions
(77), (80), (86) and (89). It turns out that employing such momentum dependent polarization angle is
important for maintaining Lorentz covariance in both bases.
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Further it has been shown that theoretically it is possible to maintain Lorentz covariance of the
field operators corresponding to the photon Bell states introduced earlier in both polarization basis. The
conclusion is: to obtain maximal correlation for EPR-type experiments in both bases one has to employ
momentum dependent polarization functions that transform under Lorentz transformation in such a way
that they compensate the Wigner phase 2Θ(Λ,k).
Next the EPR correlation functions for all of the four Bell states where calculated in reducible
representations. First conclusion from this involves the N parameter. In reducible representations
the N parameter does not necessary have to go to infinity, since each oscillator is a superposition of
already infinitely many different momentum states. If we made an assumption that the N parameter
is a finite large number, it would have had an influence on the outcome of the EPR average for
states maximally anti-correlated in circular basis. Like shown in section VIC the EPR average for
maximally anti-correlated in circular polarization basis states depends on the N parameter. The
extra term in the denominator of the EPR averages for Bell states corresponding to the Ψ1(N) field
operator may have influence on the outcome compared with the Bell states corresponding to the field
operator Ψ2(N). If any experiments confirmed a smaller outcome of the EPR average for maximally
anti-correlated in circular basis states comparing with maximally correlated in circular basis states, it
could have spoken in favor for the N parameter being a finite number. On the other hand for the
limit N → ∞ the correlation function in reducible representation doesn’t show difference with the
irreducible representation except the shift phase coming from the dependence of the polarization angle
on momentum. Other than that it is hard to distinguish such representation from “standard models”
for the vacuum probability density function Z(k) being flat in the detectors momentum solid angle spread.
Finally the main conclusion from this work is that there may be a relativistic effect on the degree
of violation in EPR-type experiments for photon fields. Two cases where considered here: where two
detectors are transformed under Lorentz transformation in such a way that they still maintain in the
same reference frame and where just one of the detectors is transformed under Lorentz transformation.
Employing a model for relativistic EPR-type experiments in reducible representation may show the role
that the vacuum probability density function Z(k) plays in such relativistic experiments. It turns out
that assuming such not unique vacuum, the vacuum probability function Z(k) may have an impact on the
detector outcome for such relativistic model. To see this let us schematically rewrite the results presented
in previous sections. For the EPR average for two detectors Yβ , Yα for a two-photon field operator Ψ we
will write
〈O|Ψ†YβYαΨ|O〉. (193)
We may use the unitarity of the Lorentz transformation and assuming an invariant two-photon field
operator, i.e. U †ΛΨUΛ = Ψ, we have
〈O|Ψ†YβYαΨ|O〉 = 〈O|UΛU †ΛΨ†UΛU †ΛYβUΛU †ΛYαUΛU †ΛΨUΛU †Λ|O〉 = 〈OΛ−1 |Ψ†YΛβYΛαΨ|OΛ−1〉.(194)
This means that performing a transformation on the detectors YΛβYΛα and an compensating transforma-
tion on the vacuum field, denoted here by OΛ−1 , would be equivalent to not performing any transformation
at all. But when we perform a Lorentz transformation like in the first case, i.e. on both detectors in such
a way that they remain in the same reference frame, the EPR average takes the form
〈O|Ψ†U †ΛYβYαUΛΨ|O〉 = 〈O|Ψ†U †ΛYβUΛU †ΛYαUΛΨ|O〉 = 〈O|Ψ†YΛβYΛαΨ|O〉. (195)
On the other hand we may perform an unitary transformation on states, only we have to remember that
in this model we assume a not unique vacuum and invariant field operators, i.e.
〈O|Ψ†U †ΛYβYαUΛΨ|O〉 = 〈O|U †ΛUΛΨ†U †ΛYβYαUΛΨU †ΛUΛ|O〉 = 〈OΛ|Ψ†YβYαΨ|OΛ〉. (196)
This means that performing a transformation on both detectors is equivalent to performing a transfor-
mation on the vacuum which is denoted here by OΛ. Now for the second case we perform a Lorentz
transformation only on Alice’s detector, i.e.
〈O|Ψ†YβU †ΛYαUΛΨ|O〉 = 〈O|Ψ†YβYΛαΨ|O〉 = 〈O|U †ΛUΛΨ†U †ΛUΛYβU †ΛYαUΛΨU †ΛUΛ|O〉
= 〈OΛ|Ψ†YΛ−1βYαΨ|OΛ〉. (197)
As we can see, performing a Lorentz transformation on Alice’s detector does not have to resolve in the
same EPR average as performing an inverse Lorentz transformation on Bob’s detector. If any experiments
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confirmed such results this could have spoken in favor for a not unique vacuum representation and its
impact on such relativistic experiments.
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Appendix A: Linear and circular polarizations
Any linear polarization for N -oscillator representation can be defined due to a transformation on
a1(k, N) and a2(k, N) annihilation operators which correspond to linear polarizations in x and y direction:
Lθ(N)
†a1(k, N)Lθ(N) = cos θ(k)a1(k, N) + sin θ(k)a2(k, N) = aθ(k, N),
Lθ(N)
†a2(k, N)Lθ(N) = − sin θ(k)a1(k, N) + cos θ(k)a2(k, N) = aθ′(k, N), (A.1)
where
Lθ(N) = Lθ(1)
⊗N , Lθ(1) =
∫
dΓ(k)|k〉〈k| ⊗ exp
(
θ(k)(a†1a2 − a†2a1)
)
. (A.2)
Here aθ(k, N) and aθ′(k, N) hold the same commutation relation as a1(k, N) and a2(k, N)
[aθ(k, N), aθ(k
′, N)†] = I(k, N)δΓ(k,k′) (A.3)
and θ′(k) = θ(k) + pi2 . One may also write this transformation in matrix form:(
aθ(k, N)
aθ′(k, N)
)
=
(
cos θ(k) sin θ(k)
cos θ′(k) sin θ′(k)
)(
a1(k, N)
a2(k, N)
)
(A.4)
=
(
cos θ(k) sin θ(k)
− sin θ(k) cos θ(k)
)(
a1(k, N)
a2(k, N)
)
. (A.5)
It should be stressed that, in the case of reducible quantization, θ(k) is a function of k and not just a
parameter. This was discussed further in section V, where it turns out that the dependence on momentum
is significant for relativistic background.
Circular polarizations can be defined by a transformation
Cθ(N)
†a1(k, N)Cθ(N) =
1√
2
(a1(k, N) + ia2(k, N)) = a−(k, N),
Cθ(N)
†a2(k, N)Cθ(N) =
1√
2
(a1(k, N)− ia2(k, N)) = a+(k, N), (A.6)
where
Cθij (N) = Cθij (1)
⊗N , Cθij (1) =
∫
dΓ(k)|k〉〈k| ⊗ exp

 ∑
ij=1,2
θij a
†
iaj

. (A.7)
Here θij are coefficients of this transformation such that(
θ11 θ12
θ21 θ22
)
=
( √
3pi
9 i− pi4 i −
√
3pi
9 +
√
3pi
9 i√
3pi
9 +
√
3pi
9 i −
√
3pi
9 i− pi4 i
)
. (A.8)
Then the correspondences between the ladder operators in circular basis and in linear basis can be written
as
as(k, N) =
1√
2
e−isθ(k) (aθ(k, N)− isaθ′(k, N)) , (A.9)
aθ(k, N) =
1√
2
∑
s=±
as(k, N)e
isθ(k). (A.10)
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Appendix B: Transformation properties of null tetrad
The spinor field transformation associated with the homogeneous Lorentz transformation
piA(k) 7→ ΛpiA(k) = Λ BA piB(Λ−1k). (B.1)
Here Λ−1k is a space like part of a four-vector Λ−1 ba kb(k) and Λ
B
A is an unprimed SL(2,C) matrix
corresponding to Λ ba ∈ SO(1,3). The null vector kA(k) that plays the role of a flag-pole for the spinor
field piA(k), i.e. kA(k) = piA(k)piA′(k), must be invariant, so ΛpiA(k)ΛpiA′(k) = piA(k)piA′(k) must be
satisfied and hence
ΛpiA(k) = e
−iΘ(Λ,k)piA(k). (B.2)
The angle Θ(Λ,k) is called the Wigner phase. Note that in the literature it is the doubled value 2Θ(Λ,k)
which is called the Wigner phase. In analogy
ωA(k) 7→ ΛωA(k) = Λ BA ωB(Λ−1k), (B.3)
and the spin-frame condition has to hold. We assume a special case, i.e.
ΛωA(k) = e
iΘ(Λ,k)ωA(k). (B.4)
It is possible to find such a spin-frame, and this was discussed in [9] paper by Czachor and Wrzask.
Furthermore, it is important to stress that the Wigner phase depends only on the direction of the
momentum and does not depend on the frequency, so that all the parallel wave vectors correspond to the
same rotational angle. This was shown, for example, by Caban and Rembielin´ski in [49].
The null tetrad with respect to the spin-frame can be written in the form
ka(k) = piA(k)piA′(k), (B.5)
ωa(k) = ωA(k)ωA′(k), (B.6)
ma(k) = ωA(k)piA′(k), (B.7)
m¯a(k) = piA(k)ωA′(k). (B.8)
Here ma(k) and m¯a(k) are fields associated with circular photon polarizations. Therefore their Lorentz
transformation rule is
ma(k) 7→ Λma(k) = Λ ba mb(Λ−1k) = e2iΘ(Λ,k)ma(k), (B.9)
m¯a(k) 7→ Λm¯a(k) = Λ ba m¯b(Λ−1k) = e−2iΘ(Λ,k)m¯a(k). (B.10)
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